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Theorem (Schur, 1916)

The equation x + y = z is partition regular, that is, if
N=CGU---UC, then there are x,y,z € C; such that x+ y = z.

A generalization of the previous is the following theorem of Rado [9]:

Theorem (Rado, 1933)

The equation ax + by = cz is partition regular (meaning that if

N= G U---UG,, then there are x,y,z € C; such that ax + by = cz) if
and only ifa= c or b= c or a+ b = c (in which case, (a, b, ¢) is called
a Rado triple).

Rado's theorem is in fact stronger, as it characterizes all systems of
linear equations that are partition regular, but we did not include this
more general form here.
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It is natural to ask what happens with quadratic equations. Erdds and
Graham [6, 7] asked for a quadratic version of Schur's theorem:

Question (Erdés-Graham)

Is the Pythagorean equation x? + y? = 22 partition regular?

More generally:

Question

Under what conditions on a, b, ¢ is the equation ax?® + by? = cz?

partition regular?

If ax? 4+ by? = cz? is partition regular, then from Rado's theorem it
follows that (a, b, ¢) is necessarily a Rado triple.

One might conjecture that (a, b, ¢) being a Rado triple is also sufficient
for ax? + by? = cz? to be partition regular.
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Recent results

In the past 15 years, the previous questions have drawn a lot of
attention, and there has been significant work of Frantzikinakis-Host [2]
and Frantzikinakis-Klurman-Moreira [3, 4] regarding partition regularity
of pairs.

Here we only state the following theorem:

Theorem (Frantzikinakis-Klurman-Moreira, 2023)
The equation x?> + y? = z? is partition regular with respect to all pairs
(x,y), (x,z) and (y,z). Thatis, if N=C U---UC,, then

» Jx,y € G and z € N such that x> + y?> = 22

» Jx,z € Cy and x € N such that x> + y? = z°

» Jy,ze G and y € N such that x2 + y? = 22.

In fact, they show density regularity for pairs, but we chose not state
the theorem in this generality.
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A multiplicative action is a quadruple (X, X, u, T,), where (X, X, ) is
a probability space, and (T,)nen is a measure-preserving action of
(N, ) on (X, X, p).

Using Furstenberg's correspondence principle, the conjecture about
partition regularity of ax? 4+ by? = cz? follows from the following
ergodic theoretic statement:

Conjecture

Let (a, b, c) be a Rado triple. If (X, X, u, T,) is a multiplicative action,
and X = Uf:l Tj_lA, then there are x,y,z € N such that

WTTANT,PANT,PA) >0 and  ax® + by? = 2.
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In joint work with N. Frantzikinakis [5], we proved the previous
conjecture in the critical case of structured actions, the so-called
pretentious actions.

Consider the space of completely multiplicative functions
M ={f:N—=S': f(mn) = f(m)f(n) for all m,n},

and note that M is the dual of (N, x).
The space M can be decomposed as M = M et UM per, Where

» Mret consists of the functions that behave like “periodic”
functions

» Mper consists of the aperiodic multiplicative functions.

Given a multiplicative action (X, X, u, T,) and a function F € L?(p),
its spectral measure of is a measure on M.

An action (X, X, u, T,) is called pretentious if for every F € L?(u), the
spectral measure of is supported of Myet, that is op(Maper) = 0.
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We are now ready to state our main theorem:

Theorem (Frantzikinakis-M., 2025)

Let (a, b, c) be a Rado triple and (X, X, i1, T,) be a pretentious
multiplicative action. Then for any A C X with u(A) > 0 and any
e > 0, there are infinitely many triples (x, y, z) such that

wWANT AN Ty_lA NT,YA) > (u(A)* —¢ and ax® + by? = cz°.

» For a general multiplicative action (X, X, i, T,), the functions
F € L?(p) whose spectral measure is supported on M et form the
pretentious factor of the system [1], so the previous theorem
establishes multiple recurrence along generalized Pythagorean
triples within this factor.
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A consequence of our theorem

» Observe that for those structured systems, the statement is
stronger than the conjectured one: we can add an extra copy of A
in the recurrence statement, and also we only need a set of positive
density, rather than a syndetic set A.

» For general systems, the stronger statement with p(A) > 0 is false,
so one really needs a partition.

As a consequence of our theorem, we get partition regularity for triples
along partitions of N generated by pretentious multiplicative functions:

Corollary (Frantzikinakis-M., 2025)

If (a, b, c) is a Rado triple and fi,...,f, : N — S! are completely
multiplicative and pretentious, then for each arc | in S' containing 1,
there are x,y,z € N such that

fi(x),fi(y), fi(z) €1 for j=1,...,s and ax*+ by? = cz°.
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2

The solutions of x? 4 y? = 22 are given in parametric form by

2

x = Pi(m,n) =2mn, y = Py(m,n) = m>—n?, z = P3(m,n) = m*+n°.

Hence, it suffices to prove that given F € L°°(p) with F > 0 and
€ > 0, there are infinitely many m, n € N such that

4
/XF. T (mmF * TostmmF - Tosmm F di > (/X Fdu) —e.

In case the action is finitely generated and ergodic: The measure oF is
supported on finitely generated pretentious completely multiplicative
functions.

We average over the grid (Qm + 1, Qn), where the averages over m, n
are additive (1 < m, n < N), while over Q they are multiplicative
(Q € dk, where (Pk)ken is a multiplicative Fglner sequence).
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For f finitely generated and pretentious we have the following
concentration estimates:

» Klurman, Mangerel, Pohoata, Teravainen [8], 2019:
Em<n|f(Qm+1) — 1| = 0k—00,N—00(1) (1)
» Frantzikinakis-Klurman-Moreira [4], 2024:
Eman|F((Qm+1)% + (Qn)?) — 1 = 0k o0, n—00(1)  (2)

The previous basically say that f is 1 on arithmetic progressions with
highly divisible step.
Using the (1),(2) above and the spectral theorem we get

Em<n| Tom+1F — Fll2 = 0k—00,N—00(1) (3)

and Em,ngNH T(Qm+1)2+(Qn)2F — FH2 = OK%oo,NHoo(]-)- (4)
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Sketch of proof in case a = b = c =1 - finitely generated

Using (3),(4) we infer that
EqecoxEmn<n /x F - Te@m+1,en)F - Try@m+1,.an)F - Tey@m+1,m)F dit
~EqeoErcn | F- TaonF + F - F dji + 0xeione(1)
X

— [ Fdu [ P aut oxmmnenn)

X X

4

> </X F d,u) + 0K—>oo,N—>oo(1)
where the second equality follows from the Mean Ergodic Theorem for

(N, x)-actions (namely Eqco, ToF — [y Fdu in L2(1)), and in the
last inequality we used Jensen's inequality.
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In the general (non-finitely generated) case, if one tries to average over
the grid (@m + 1, @n), the proof does not work.

The reason is that in general a pretentious function does not necessarily
concentrate at 1, so the concentration estimates are more complicated.

The main obstructions come from Archimedean characters n — n't and
from 1-pretentious oscillatory multiplicative functions.

Archimedean characters: To accommodate for non-concentration
phenomena of Archimedean characters, we introduce a cutoff Ss, and
we average over m, n € S5 (as was done in earlier work).

The sets S; localize the the Archimedean characters, so for sufficiently
small ¢, the functions on the pretentious factor are sufficiently
concentrated around themselves.
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Ideas in the proof of the general case Il

1-pretentious oscillatory multiplicative functions:

» \We average over a grid (Qm + 1, Qn + v), choosing @ and
v(Q1, @2, @3) to satisfy some congruences.

» With this choice of v, we can factor out highly divisible, pairwise
coprime terms Q; from each P;(Qm+ 1, Qn + v).

» Then, we perform a triple multiplicative averaging over the Qj,
which eliminates the contribution from the oscillating components
of F, to get a lower bound of the form

/F'Fl-Fg-F3d,u—€,
X

where each F; is a projection of F on a suitable (non-oscillatory)
factor of the original system.



Necessity of the Rado condition

The fact that (a, b, ¢) is a Rado triple is necessary for the proof to
work. This is expected, as the result is false without this assumption.



Necessity of the Rado condition

The fact that (a, b, ¢) is a Rado triple is necessary for the proof to
work. This is expected, as the result is false without this assumption.

If (a, b, c) is a Rado triple, then at least two of the quadratic forms that
generate the solutions have leading coefficient 1, which is crucial for the
congruences that determine v to have solution.



Necessity of the Rado condition

The fact that (a, b, ¢) is a Rado triple is necessary for the proof to
work. This is expected, as the result is false without this assumption.

If (a, b, c) is a Rado triple, then at least two of the quadratic forms that
generate the solutions have leading coefficient 1, which is crucial for the
congruences that determine v to have solution.

A non-example: (1,1,4) is not a Rado triple, so the equation
x? 4 y? = 4z% is not partition regular with respect to (x, y, z) (though
it is partition regular with respect to all pairs (x,y), (x, z), (v, 2)).



Necessity of the Rado condition

The fact that (a, b, ¢) is a Rado triple is necessary for the proof to
work. This is expected, as the result is false without this assumption.

If (a, b, c) is a Rado triple, then at least two of the quadratic forms that
generate the solutions have leading coefficient 1, which is crucial for the
congruences that determine v to have solution.

A non-example: (1,1,4) is not a Rado triple, so the equation
x? 4 y? = 4z% is not partition regular with respect to (x, y, z) (though
it is partition regular with respect to all pairs (x,y), (x, z), (v, 2)).

The solutions are given in parametric form by

x=2(m*>—n?), y=4mn, z=m?>+n’



Necessity of the Rado condition

The fact that (a, b, ¢) is a Rado triple is necessary for the proof to
work. This is expected, as the result is false without this assumption.

If (a, b, c) is a Rado triple, then at least two of the quadratic forms that
generate the solutions have leading coefficient 1, which is crucial for the
congruences that determine v to have solution.

A non-example: (1,1,4) is not a Rado triple, so the equation
x? 4 y? = 4z% is not partition regular with respect to (x, y, z) (though
it is partition regular with respect to all pairs (x,y), (x, z), (v, 2)).

The solutions are given in parametric form by
x=2(m*>—n?), y=4mn, z=m?>+n’
In this case, even for an ergodic finitely generated action, if one runs

our argument, they get a lower bound of the form
[x Fdp- [y F?- ToFdp, and the presence of T,F breaks positivity.
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